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THE EQUIVARIANT COHOMOLOGY RING OF REGULAR 

VARIETIES 

MICHEL BRION AND JAMES B. CARRELL 


Abstract. Let ® denote the upper triangular subgroup of SL 2 {C), T 
its diagonal torus and R its unipotent radical. A complex projective 
variety Y endowed with an algebraic action of 23 such that the fixed 
point set is a single point, is called regular. Associated to any regular 
23-variety Y, there is a remarkable affine curve Zy with a T-action 
which was studied in Q. In this note, we show that the coordinate ring 
C[Zy] is isomorphic with the equivariant cohomology ring H^{Y) with 
complex coefficients, when Y is smooth or, more generally, is a 23-stable 
subvariety of a regular smooth 23-variety X such that the restriction 
map from H*{X) to H*{Y) is surjective. This isomorphism is obtained 
as a refinement of the localization theorem in equivariant cohomology; 
it applies e.g. to Schubert varieties in flag varieties, and to the Peterson 
variety studied in 0 - Another application of our isomorphism is a 
natural algebraic formula for the equivariant push forward. 


1. Preliminaries 

Let be the group of upper triangular 2x2 complex matrices of de¬ 
terminant 1. Let T (resp. it) be the subgroup of consisting of diago¬ 
nal (resp. unipotent) matrices. We have isomorphisms A : C* —> T and 
^5 : C —il, where 



together satisfying the relation 

(1) \{t)ip{u)\{t~^) = (p{t^u). 

Consider the generators 

V = 9i(0)=(o and W = X{1)=(1 

of the Lie algebras Lie(lt) and Lie(T) respectively. Then [W, V] = 2V, and 

(2) = W-2uV 

The second author was partially supported by the Natural Sciences and Engineering 
Research Council of Canada. 
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for all tt G C. 

In this note, X will denote a smooth complex projective algebraic variety 
endowed with an algebraic action of OS such that the fixed point scheme 
consists of one point o. Both the iB-variety X and the action will be called 
regular. Then o G since X'^ is T-stable. Moreover, is hnite by 
Lemma 1 of |^. Thus we may write 

(3) X^ = {Cl =0,C2,...,Cr}. 

Clearly r = x(X), the Euler characteristic of X. 

Let H^{X) denote the T-equivariant cohomology ring of X with complex 
coefficients. To define it, let T be a contractible space with a free action of 
T and let = (X x fj/T (quotient by the diagonal T-action). Then 

H^iX) = H*{X^). 

It is well known that the equivariant cohomology ring H^{pt) of a point 
is the polynomial ring C[^], where z denotes the linear form on the Lie 
algebra of T such that z(W) = 1. The degree of z is 2. Thus H^{X) is a 
graded algebra over the polynomial ring C[z] = H^{pt) (via the constant 
map X —> pt). 

In our situation, the restriction map in cohomology 

induced by the inclusion i : X"^ ^ X, is injective [^]. By (^), 

= 0^1(0) = 0CN, 
i=i i=i 

so each a G Hi^{X) defines an r-tuple of polynomials (a^j,.. ■, That 
is, 

(4) 4(a) = (a^^,...,a^J. 

We will define a refined version of this restriction map in §4 below. 

2. The 53-stable curves 

Throughout this note, a curve in X will be a purely one-dimensional 
closed subset of X. One which is stable under a subgroup G of is called 
a G-curve. The *B-curves in X play a crucial role, so we will next establish 
a few of their basic properties. 

Proposition 1. If X is a regular'^-variety, then every irreducible ^-curve 
C in X has the form C = • ("j for some index j > 2. Moreover, every 

^-curve contains o. In particular, there are only finitely many irreducible 
^-curves in X, and they all meet at o. 

Proof. It is clear that if j > 2, then G = *B is a iB-curve in X containing 
fj, which, by the Borel Fixed Point Theorem, also contains o, since o is the 
only iB-fixed point. Conversely, every *B-curve G in X contains o, and at 




THE EQUIVARIANT COHOMOLOGY RING OE REGULAR VARIETIES 


3 


least one other T-fixed point. Indeed, since o has an affine open T-stable 
neighbourhood Xq in X, the complement C — Xq is nonempty and T-stable. 
It follows immediately that C = IB • x for some x € X‘^ — o. □ 

Consider the action of IB on the projective line given by 

t u \ _ z 

0 ) t{t + uz) 

(the inverse of the standard action). It has (P^)^ = {0, oo} and (P^)^ = {0} 
and is therefore regular. Note that if u G C*, 

t u \ 1 

0 rV 

so ip{u) ■ oo = u~^. 

The diagonal action of *B on X x P^ is also regular. By Proposition 1, the 
irreducible IB-curves in X x P^ are of the form OS ■ (x, oo) or OS ■ (x, 0), where 
X G X^. Only the first type will play a role here. Thus put Zj = *B • (Cj, oo), 
and let iTj : Zj —> P^ be the second projection. Clearly every nj is bijective, 
hence Zj = P^. In addition, 

Zj = {(<y9('u) • Cj,u~^) I u G C*} U {{Cj,oo)} U {(o,0)}, 

so Zi n Zj = {(o, 0)} as long as i ^ j. Moreover, restricting Hj gives an 
isomorphism 

Pj ■ Zj - (Ci,oo) ^ A\ 

Finally, put 

Z= U 2;- 

^<j<r 

Thus Z is the union of all irreducible IB-stable curves in X x P^ that are 
mapped onto P^ by the second projection tt : X x P^ —> P^. 


3. The fundamental scheme Z 
Let A denote the vector field on X x defined by 

(5) = 2V. - uW,.. 

Obviously A is tangent to the fibres of the projection to A^. By (^), 

(6) (Ad((/?(u))>V)3; = 

The contraction operator i{A) defines a sheaf of ideals z(A)(0^^^i) of the 
structure sheaf of X x A^. Let Z denote the associated closed subscheme of 
X X A^. In other words, Z is the zero scheme of A. 

Remark 1. The vector field A here is a variant of the vector field studied 
in 0. Both have the same zero scheme. 
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The properties of Z figure prominently in this note. First put 

(7) Xq = {x E X I lim X{t) ■ X = o}. 

t—^OO 

Clearly, Xq is T-stable; and it follows easily from (||) that Xo is open in 
X (see Proposition 1 of |Q] for details). Hence by the BialynickCBirula 
decomposition theorem Q, Xq is T-equivariantly isomorphic to the tangent 
space TqX, where T acts by its canonical representation at a fixed point. 
The weights of the associated action of A on TqX are all negative. So we 
may choose coordinates xi,... ,Xn on Xq = TqX that are eigenvectors of T; 
the weight a* of Xi is a positive integer (it turns out to be even, see [Q]). 
This identifies the positively graded ring C[Xo] with C[xi,..., x„,], where 
degXi = tti. Now X X contains Xq x as a T-stable affine open subset, 
with coordinate ring C[xi,..., Xn, v], where v has degree 2. 

Proposition 2. The scheme Z is reduced, and contained in Xq x as a 
%-curve. Its ideal in C[Xo x A^] = C[xi,... ,Xn,v] is generated by 

(8) vWixi) - 2V(xi), . . . , vW(Xn) - 2V{Xn). 

These form a homogeneous regular seguence in C[xi,..., Xn,v], and the de¬ 
gree of each vW{xi) — 2V(xj) equals 0 ^ + 2. The irreducible components of 
Z are the Zj, 1 < j < r, where 

(9) Zj = Zj-{{Cj,^)}. 

Each Zj is mapped isomorphically to A^ by the second projection p. In par¬ 
ticular, p is finite and flat of degree r, and Z has r irreducible components. 
Any two such components meet only at (o, 0). 

Proof. This follows from the results in §3 of Q. We provide direct arguments 
for the reader’s convenience. 

Since [W,V] = 2V and W(u) = 2v (on A^), it follows that A commutes 
with the vector field induced by the diagonal T~action on X x A^. Thus, Z 
is T-stable. 

Next we claim that (^) holds set-theoretically. Let {x, u) E X x A^ with 
V A 0. Then {x,v) € Z if and only if Wx — 2v~^Vx = 0, that is, x is a 
zero of Ad((^(u“^)W); equivalently, ■ x E X‘^. On the other hand, 

(x,0) £ Z if and only if Vx = 0, that is, x = o. Thus Z = Z Ci {X x A^) 
(as sets). Further, Z n (X x A^) is an open affine T-stable neighborhood of 
(o, 0) in Z, and hence equals Z n (Xq x A^). This implies our claim. 

It follows that Z C Xo X (as schemes), so that the ideal of Z is 
generated by uVV(xi) — 2V(xi),... ,vW{xn) — 2V(x„). These polynomials 
are homogeneous of degrees oi + 2,..., + 2; together with v, they have 

only the origin as their common zero (since o is the unique zero of V). Hence 

vW{xi) - 2V(xi),..., vW{xn) - 2V{xn),v 

form a regular sequence in C[xi,... ,Xn,v], and u is a non-zero divisor in 
C[Z]. As a consequence, the C[u]-module C[Z] is finitely generated and 
free. In other words, p : Z ^ is finite and flat. 
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Fix t>o 7 ^ 0 and consider the scheme-theoretic intersection Z n {X x vq). 
This identifies with the zero scheme of 2Vx — voWx in X, that is, to the zero 
scheme of Ad((^(n(^^)>V). The latter consists of r = x{^) distinct points, 
so that Z Cl {X X no) is reduced. Since C[Z] is a free module over C[n], it 
follows easily that ^ fl (n 7 ^ 0) is reduced. But the open subset Z D (v ^ 0) 
is dense in Z by (^), and Z is a complete intersection in Thus, Z is 

reduced; this completes the proof. □ 


4. The refined restriction 

We now define our refined restriction on equivariant cohomology. Let a G 
H^{X). Recall from (^) that i^(a) = ..., where each G C[ 2 ;]. 

We regard each as a polynomial function on Zj (isomorphic to via 
p), and hence on Zj — (o, 0). Since Z — (o, 0) is the disjoint union of the 
Zj — ( 0 , 0 ), this yields an algebra homomorphism 

p : H^iX) ^ C[Z - {o,0)] 

such that p{a){x,v) = a(^.{v) whenever {x,v) G Zj — (o,0). In particular, 
p{z){x,v) = V, so that p{z) = v. And since preserves the grading, the 
same holds for p. 

Note that the value (0) at the origin is independent of the index j. 
(For X% = {X X £)/% is connected since both X and £ are, so H^{X%) is by 
definition the set of constant functions on X%. Consequently, the component 
of a in degree 0 gives the same value at each hxed point.) Now let Co[.H] 
denote the subalgebra of ClZ — ( 0 , o)] consisting of all elements that extend 
continuously to Z in the classical topology. Then 

p(ff^(X))CColZ]. 

We will show below that p(^H^{X)^ is in fact the coordinate ring C[2i]. To 
do this, we compute the image under p of an equivariant Chern class. 

5. Equivariant Chern theory 

Recall that if Y is an algebraic variety with an action of an algebraic 
group G, a vector bundle E on T is said to be G-linearized if there is an 
action of G on E lifting that on Y, such that each g & G dehnes a linear 
map from Ey to Eg.y, for any y ^Y. In particular, if ?/ G T^, then we have 
a representation of G in Ey, and hence a representation of Lie(G). Thus, 
each ^ G Lie(G) acts on Ey, by G End(Ej^). 

Also, recall that the A:th equivariant Chern class c^{E) G H^{Y) is 
dehned to be the kih. Chern class of the vector bundle 


Eg = {Ex £)/G ^Xg = {Xx £)/G, 
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where f is a contractible space with a free action of G. For y G , the 
restriction c^{E)y lies in HQ{pt). The latter identifies with a subring of the 
coordinate ring of Lie(G), and we have 

~ (?J/) 

for any ^ G Lie(G). 

Returning to our previous situation, let i? be a *B-linearized vector bundle 
on X. Then each {x,v) G is a zero of vW — 2V G Lie(*B). This yields an 
element {vW — 2V)x G End(Fia;) 


Lemma 1. Let E he a ^-linearized vector bundle on X and let k be a 
non-negative integer. Then we have for any {x,v) G Z: 

( 10 ) p{cl{E))ix,v) =Tt^,eJ{vW -2V)x). 

As a consequence, p{c^{E)) G <C[Z]. 

Proof. It suffices to check (0) for u 7 ^ 0. Let j be the index such that 
X = ip{v~^) ■ Cj. Letting W(^. G End(£'^^) denote the lift of W at Q, we have 

(11) p{cl{E)){x,v) = cl{E\^{v) = 


Since E is OS-linearized, this equals 

Tr^.^^(Ad((^(u-i))W).) = Tr^.^^((W - 2u-'V).) 

= Tr^.s^((uW-2V).), 


which proves ( 10 ). 


□ 


We now obtain some of the main properties of p. 


Proposition 3. The image of the morphism p : H^{X) — > <C[Z — (o, 0)] is 
contained in C[Z]. 


Proof. Since X is smooth and projective, we have an exact sequence 

(12) 0 ^ zH^{X) ^ H^{X) ^ H*{X) ^0. 

By Proposition 3 of Q, the algebra H*{X) is generated by Chern classes 
of OS-linearized vector bundles on X, so by Nakayama’s Lemma, H^{X) is 
generated (as an algebra) by their equivariant Chern classes. It follows from 
this and Lemma 1 that p[H^{X)^ C C[2^]. □ 


6. The first main result 

We now prove 

Theorem 1. For a smooth projective regular variety X, the homomorphism 

p : H*^{X) ^ C[Z] 

is an isomorphism of graded algebras. 
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Proof. To see p is injective, suppose p{a) = 0. Then each is 0, so 
ij(a) = 0, where is the restriction (cf. (Q)). But, as noted previously, 
is injective, so a = 0. 

To complete the proof, it suffices to check that the Poincare series of 
H^{X) and C[Z] coincide (since both algebras are positively graded, and p 
preserves the grading). Denote the former by Fx {t) and the latter by Fz (t). 
By (|l^, we have an isomorphism 

(13) H^{X)/zH^{X) ^ H*{X). 

Since H^{X) is a free C[ 2 :]-module and z has degree 2, (p^ implies 

(14) Fx{t) = ^^ 


where Px{t) is the Poincare polynomial of H*{X). On the other hand, since 
p : ^ ^ is finite, flat and T-equivariant (where T acts linearly on 
with weight 2), we have 


Fz{t) 


Pz(t) 

l-F 


where Pzit) is the Poincare polynomial of the finite-dimensional graded 
algebra C[Z]/(v). We now use the fact that the cohomology ring of X is 
isomorphic as a graded algebra to the coordinate ring of the zero scheme of 
V with the principal grading Q. So 


(15) H*{X) ^ C[a:i,..., x„]/(V(a:i),..., V{xn)) = C[Z]/{v), 


where the second isomorphism follows from Proposition 2. Thus, Px{i) = 
P^(t), whence Fx(t) = T 2 (t). □ 


For a simple example, let X = F"-. Let e : denote the 

nilpotent linear transformation defined by 


Vn Vn -1 -^ ^ Uo ^ 0, 

where (vq, vi,..., Vn) is the standard basis of Also, let h = diag(n + 

1, n —1,..., —n+1, —n—1). Then [h, e] = 2e, so we obtain a 53-action on 
This action is regular with unique fixed point [uq] = [1,0,... ,0]; its neigh¬ 
borhood Xo is the standard affine chart centered at [uq]. Let (xi,..., x„) be 
the usual affine coordinates at [uq]. That is, Xj = zjjzo, where [zo,zi,..., Zn] 
are the homogeneous coordinates on P'^. Then each Xj is homogeneous of 
degree 2 j, and a straightforward computation gives 

e{xi) =X 2 - xj, e{x 2 ) = X 3 - X 1 X 2 ,..., e(x„_i) = - xiXn-i, 

e{Xn) = -XiXn- 

Thus, the ideal of Z in C[xi,... ,Xn,v] is generated by —X 2 + xi{xi + v), 
-X 3 + X 2 {xi + 2v), ..., -Xn + Xn-iixi + {n-l)v), Xnixi + uv). By Theorem 
1, it follows that 

n 

H*^{F^)^C[xi,v]/{ n(xi+mu)). 

m=0 
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And by equivariant Chern theory, xi = — cf(L), where L is the tautological 
line bundle on P”. This presentation of ff|-(P") is well known, and can be 
derived directly. 


7. The general case 

In this section, we will make some comments on regular iB-varieties, drop¬ 
ping the smoothness assumption. Let T be a complex projective variety 
endowed with a iB-action such that X'^ is a unique point o. If Y is singular, 
it is necessarily singular at o, and so the T-stable neighbourhood Yq of o 
defined in (0) is singular. Hence the results in §3 on the structure of Z 
(relative to Y) do not necessarily obtain. To be able to conclude something, 
let us assume that Y is equivariantly embedded into a smooth projective 
regular *B-variety X. Thus the curve Z (relative to Ai) is well defined and 
enjoys all the properties derived above. We can therefore define 

(16) Zy = Zr\{YoX h}) 

taking the intersection to be reduced. In other words, Zy is the union of 
the components of Z lying in Y), x A^. Now the construction of §4 yields a 
graded homomorphism 

PY : HUY) ^ Co[Zy]. 

If we make the additional assumption that H*{Y) is generated by Chern 
classes of iBHinearized vector bundles, then the odd cohomology of Y is 
trivial, so that H^Y) is a free module over C[z], and the restriction : 
HUX) —> H^iY^^) is injective Hence, py is injective. And by exactly 
the same argument, py{H^(Y)) ^ The obstruction to py being 

an isomorphism is therefore the equality of Poincare series of these graded 
algebras. 

Now there is a natural situation where this assumption is satisfied, hence 
one can generalize Theorem |^. Assume that the inclusion j : Y —> X 
induces a surjection j* : H*{X) —> H*{Y). Then H*{Y) is generated by 
Chern classes of iB-linearized vector bundles, and from the Leray spectral 
sequence, one sees that : HUX) —>■ HUY) is surjective. The surjectivity 
of j* holds, for example, in the case of Schubert varieties in flag varieties. 
Also, see §8. 

Proceeding as above, we obtain an extension of Theorem 1. 

Theorem 2. Suppose X is a smooth projective variety with a regular iB- 
action and Y is a closed ^-stable subvariety for which the restrietion map 
H*{X) — > H*(Y) is surjeetive. Then the map py : HUY) —> Co[Biy] yields 
a graded algebra isomorphism 


py : HUY) ^ C[Zy] 
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fitting into a commutative diagram 


(17) 


C[Z] 

H*^{Y) C[Zy] 


where the vertical maps are the natural restrictions. Both vertical maps are 
surjections. 


Proof. We know p is an isomorphism from Theorem 1, and py is injective 
by the above remarks. Since the restriction map C[Z\ —> C[Zy] is clearly 
surjective, it therefore follows that py is also. □ 


As a corollary, we obtain one of the main results of . 


Corollary 1. With the notation and assumptions of Theorem 2, there exists 
a commutative diagram 


C[Z]/{v) H*{X) 

(18) I 

C[Zy]/(v) H^{Y) 


where and ^|Jy are graded algebra isomorphisms and the vertical maps are 
the natural restrictions. 


Note that C[Zy]/[v) is the coordinate ring of the schematic intersection 
of Zy and A x 0 in X x A^. 


8. EQUIVARIANT COHOMOLOGY OF THE PETERSON VARIETY 

Let G be a complex semi-simple linear algebraic group. Fix a pair of 
opposite Borel subgroups B and B~ and let T = i? fl B~, a maximal torus 
of G. Denote the corresponding Lie algebras by g, b, b~ and t, and let 
and be the roots of the pair (G, T) which arise from b and b~ respectively. 
Let M be a B-submodule of g containing b. Then 

M = b © ^ go,, where D(M) = {a G <1>~ | g^ C M}. 

aen{M) 

So D(M) is the set of weights of the quotient M/b. The i?-module M C g 
yields a homogeneous vector bundle G M over GjB, together with a 
morphism Gx^ M —> g induced by {g, m) ^ gm. The fiber of this morphism 
at an arbitrary x G g identifies with 

Ym{x) = {gB G G/B \ g-^x G M}. 

This is a closed subvariety of G/B, stable under the action of Gcx (the 
isotropy group of the line Cx). 
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If X is regular and semi-simple, then Ym{x) is known as a Hessenberg 
variety. It was shown in that Ym{x) is nonsingular, and its Poincare 
polynomial was also determined. 

On the other hand, if x is a regular nilpotent, the situation is quite dif¬ 
ferent. To describe it, recall that any regular nilpotent is conjugate to a 
principal nilpotent, defined as follows. Let ai,..., € <I>''' denote the sim¬ 

ple roots, and fix a non-zero Caj in each T-weight space gaj C b. Then a 
principal nilpotent is an element of the form e = choosing 

an element /i G t for which aj{h) = 2 for each index j, we obtain a pair 
{e,h) G b X t which determines a regular action of iB on G/B having unique 
iB-fixed point o = B. Since iB fixes the line Ce, it stabilizes the subvariety 
YM{e) for any M. Note that the semi-simple element h is also regular. 

Let T C iB denote the maximal torus in iB with Lie algebra C/i. Then 
= (G/B)'^ n YM{e). Let W = Ng{T)/T be the Weyl group of 
{G,T), and choose a representative G Ng{T) for each w G W. Then 
{G/BY' = {riwB I tt) G IT}, and n^B G YM{eY if and only if n“^e G M. 
This is equivalent to the condition w~^{aj) G n(M) U for each j. 

The cohomology algebras of the varieties Yj^ie) have been determined by 
Dale Peterson. Formulated in our terms, his result goes as follows. 

Theorem 3. For any B-submodule M of q containing b, the restriction 
map 

H*{G/B) ^ H*{YM{e)) 
is surjective. Hence {by Theorem 2) 

HYYM{e))=C[Zy^^Y- 

Moreover, is a complete intersection. Thus, the cohomology ring 

H*{YM{e)) satisfies Poincare duality. Its Poincare polynomial is given by 
the product formula 

1 _ fht{a)+l 

(19) P{YM{e),t)= n 

-oeO(M) 

where ht{a) denotes the sum of the coefficients of a & ‘h''' over the simple 
roots. 

In the case where M = g, ( |l^ is a well known product formula for the 
Poincare polynomial of the flag variety. 

The ideals I{Zyj^(^g'^) admit explicit expressions related to the geometry 
of the nilpotent variety of g. Let U~ C G denote the unipotent radical of 
B~. Since the natural map ju : U~ G/B, /i(u) = uB, is T-equivariant 
with respect to the conjugation action of T on U~, we may equivariantly 
identify U~ and the open cell {G/B)^. Let u“ denote the Lie algebra of U~, 
and let 11* : g ^ u“ denote the projection. To get this explicit picture, we 
first note that = n*(u“^e), where denotes left translation by 
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u , and is its differential (cf. |^, §2.1]). Consequently, 

(20) Lu-i^A(u,v) = 2n*(ii“^e) - vL^-iA^u- 

Defining Fa{u) as the component of Lu-i^A(^u,v) iii Qa-, it follows that 

I{Z) = (F„ I a e $-). 

More precisely, we can write 

u~^e = e + k{u)+ Vaiu)ea, 


where k G i^C[U ] and all Va € C[U ]. Then = 2u„ — vwa, where we 
have put Waiu) = (L„-i*>Vu)a. Hence, 

H^{G/B,C) ^ C[U- X AV(2u„ - vwa \ a € $“). 

Since the functions vp {(3 G — D(M)) cut out YM{e)o x A^, it follows 
I{ZYj^[e)) is the ideal of the variety cut out by the 2va — vWa, where a G 
and the vp^ where /3 G — H(M). 

The case where 


(21) M — b © 0-0- 

qG<I>+, a{h)>2 


is of particular interest. Then, as shown by Kostant in |H, cf. (9)], the 


Giventhal-Kim and Peterson formulas for the flag variety quantum coho¬ 
mology |l^] may be interpreted as asserting an isomorphism of graded 
rings 

C[YM{e)o]=QH*{G'^/B^), 


where G^ and B'^ denote the Langlands duals of G and B respectively and 
QH*{G^/B'^) is the complex quantum cohomology ring of G'^/B'^. This 
led Kostant to call Yiuie) the Peterson variety. Notice that by Theorem 3, 

PiYM{e),t) = {l+tr-^. 


9. An ALTERNATIVE PROOF OF THEOREM 1 


We now give another proof of Theorem independent of (p(5|). Hence 
we will also obtain another proof of (15). Denote by G H^{X) the 

equivariant cohomology class of the T-fixed point set. We compute its image 
under p : H^{X) —>■ C[Z]. 


Lemma 2. p(\X'^\%) is the restriction to Z of the Jacobian determinant 
of the polynomial functions uW(xi) — 2V(xi),... ,vW{xn) — 2V{xn) in the 
variables xi,..., x^. 


Proof. Let Tx be the tangent bundle to A, then W yields a T-invariant 
global section of Tx, with zero scheme X‘^. Thus, we have c^{Tx) = 
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in H^{X). On the other hand, Tx carries a *B-linearization, and we have 
by Lemma |I|: 

p{c^{Tx))ix,v) = Ti/^nrp^xivWx - 2Vx)- 

This is the Jacobian determinant of i;>V(xi) — 2V(xi),..., vW{xn) — 2V{xn)- 

□ 


We will also need the following easy result of commutative algebra; we 
will provide a proof, for lack of a reference. 


Lemma 3. Let Pi,... ,Pn be polynomial functions in xi,... ,Xn, that are 
weighted homogeneous for a positive grading defined by deg Xj = aj. If the 
origin is the unique common zero to Pi,... ,Pn, then the Jacobian determi¬ 
nant J{Pi,..., Pn) is not in the ideal {Pi,..., Pn). 


Proof. We begin with the special case where Pi,... ,Pn are homogeneous. 
We argue by induction on n, the result being evident for re = 1. Let 
di,... ,dn be the degrees of Pi,..., Pn. We have the Euler identities 


Xl 


dPi 

dxi 


+ ■ ■■ + Xn 


dPi 

dXn 


diPi, 


dPn , 

Xl— -h 


+ ^ - d P 


dxi dXn 

that we view as a system of linear equalities m. xi,... ,Xn. Its determinant 
is the Jacobian J(Pi,..., Pn) = J- For 1 < i, j < re, let Jjj be its maximal 
minor associated with the ith line and the jth column. Then we have 

n 

( 22 ) XiJ = Y,i-'^)^~'djP,Jij. 


Assume that J G (Pi ,..., Pn) and write 

J = flPl + • • • + fnPn 


with fi,..., fn G C[xi,..., Xn\. Using ^ for i = 1, it follows that {xifi — 
diJii)Pi is in the ideal (P 2 ,..., Pn). But Pi ,..., Pn form a regular sequence 
in C[xi,... ,Xn], as they are homogeneous and the origin is their unique 
common zero. Therefore, xifi — diJu G {P 2 ,..., Pn)- In other words, 
Jii G (a^i, P 2 , • • •, Pn)- 

After a linear change of coordinates, we can assume that (xi, P 2 ,..., Pn) 
is a regular sequence. For 2 < i < re, let 


Qi{x2, ---,Xn) = Pj(0, X 2 , . . . , Xn)- 
Then we have in C[x 2 ,..., x„]; 

Til (0, X2 , ■ ■ ■ , Xn) G {Q 2 j - - - J Qn)- 

Now Jii(0,X2, ... ,Xn) = JiQ2, - - - ,Qn), and Q2, - - - -.Qn are homogeneous 
polynomial functions of X 2 ,..., x^ having the origin as their unique common 
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zero. But this contradicts the inductive assumption. This completes the 
proof in the homogeneous case. 

Consider now the case where Pi,..., are quasi-homogeneous for the 
weights oi,..., a^. Let yi, ■ ■ ■ ,yn be indeterminates; then the functions 

^ Pi{yi\...,yn") 

(1 < i < n) are homogeneous polynomials with the origin as their unique 
commmon zero. Their Jacobian determinant is 

n 

J(Pi,...,PO(y?\...,y“"). 

i=l 

By the first step of the proof, this function of (yi,..., y„) is not in the ideal 
generated by the Pj(y“\ ... Thus, J(Pi,... ,Pn){xi ,... ,Xn) cannot 

be in (Pi,... ,P„). □ 

The proof of Theorem 1. The functions V(a:i),..., V(x„) satisfy the as¬ 
sumption of Lemma since they are quasi-homogeneous for the grading 
defined by the action of T, and o is the unique zero of V. Thus, the Jaco¬ 
bian determinant of these functions is not in the ideal that they generate. 
By Lemma it follows that pdX'^]^) is not divisible by v in C[21], for 
C[z]/{v) = C[xi, . . . ,Xn]/{V{xi), . . .,V{Xn)). 

The C[ 2 ;]-linear map p : H^{X) P[Z] defines a map 

p:P*(X)-P|(X)/(z)^C[Z]/(u), 

a graded ring homomorphism. It suffices to prove that p is an isomorphism. 
Note that the spaces H*[X) and P[Z\/{v) have dimension r, so that it 
suffices to check injectivity of p. 

The image in H*{X) of is r[pt], where \pf\ denotes the cohomology 

class of a point. Thus, p([pt]) 7 ^ 0. Let (ai,... ,ar) be a basis of H*{X) 
consisting of homogeneous elements and let (/3i,..., (3r) be the dual basis for 
the intersection pairing (a,/3) 1 —!■ fj^(a U /3) n [X]. Then the homogeneous 
component of degree 2 n in each product aiUPj equals \pf\ ifi = j, and is zero 
otherwise. Assume that p(tiai trOr) = 0 for some complex numbers 

ti,... ,tr- Multiplying by TiPj) s-iid taking the homogeneous component of 
degree 2n, we obtain tj'pilpt]) = 0 whence tj = 0. Thus, p is injective, and 
the proof is complete. 


10. The EQUIVARIANT PUSH FORWARD 
Next we describe the equivariant push-forward map 

[ :H*^{X)^Hi{pt) = C[z], 

Jx 
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associated to the map X pt. Note that is C[ 2 ;]-hnear and homogeneous 
of degree —2n. Denote by J the restriction to Z of the Jacobian determinant 
of the polynomial functions 

vW{xi) - 2V(xi), . . . , vW{Xn) - 2V{Xn) 

in the variables xi,..., Xn- Then J is homogeneous of degree 2n, as follows 
from Lemma 2. 


Theorem 4. For any f € C[^], the function 

f{x,v) 


E 


J{x, v) 


{x,v)g2^ 

is polynomial. Further, for any a G 

( 23 ) 


( [ Oi){v) = 


{x,v)^Z 


J{x, v) 


Proof. Since C[Z] is graded free C[i;]-module of rank r, we may choose a 
homogeneous basis /i,..., with /i = 1. As J ^ (u), we may also assume 
fr = J- If / G C[Z], let (p{f) be the rth coordinate of / in this basis. Then 
the map 

C[Z]xC[Z]^CH, {f,g)r^ip{fg) 

is a non-degenerate bilinear form, since it reduces modulo (u) to the duality 
pairing on (C.[Z]/{v) = C[xi,..., Xn]/(V(xi),..., V(xn)). If {gi, ...,gr)is the 
dual basis with respect to (/i,..., ff) for this bilinear form, then gi,... ,gr 
are homogeneous and satisfy deg(/i) + deg{gi) = 2n for all i. As a conse¬ 
quence, the kernel of cp is generated by /i,..., ff^i and also by g 2 ,... ,gr 
as a C[ 2 ;]-module. Since J = fr, we have ip{Jgi) = • • • = (p{.Jgr-i) = 0, so 
that ip{Jf 2 ) = ■ ■ ■ = ip{Jfr) = 0 whereas ip{Jfi) = (p{J) = 1. 

Let 

Tr : C[Z] CH 

be the trace map for the (finite, flat) morphism p : Z ^ A^. Then 

Tr(/)(u) = Y 

{x^v)£Z 

for all u G A^; in particular, Tr(l) = r. Since Tr is homogeneous of degree 
0 and C[z]-linear, its kernel is a graded complement of the C[u]-module 
C[u] = C[u]/i in C[Z]. It follows that this kernel is generated by f 2 ,..., ff. 
Thus, we have 

Tr( 5 ) = r(p{Jg) 

for all g G C[.Z]. This equality holds then for all g G and hence 

for all rational functions on Z. Note that J restricts to a non-zero function 
on any component of Z, so that j is a rational function on Z. We thus have 

Tr(j) = r<p{f) 
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for any / € C[-2^]; this implies the first assertion. The second assertion 
follows from the localization theorem in equivariant cohomology. □ 


11. Some concluding remarks 

If a G H^(X) is a product of equivariant Chern classes, then (^3|) is the 
equivariant Bott residue formula for regular iB-varieties (cf. |Q]). 

One can also, by similar methods extend (^) to obtain a formula for the 
equivariant Gysin homomorphism associated to an equivariant morphism of 
regular smooth projective B-varieties (cf. Q for the case of flag varieties). 

More generally, consider a smooth projective variety X with an action 
of an arbitrary torus T such that X"^ is finite. Then the precise version of 
the localization theorem given in |I^ yields a reduced affine scheme whose 
coordinate ring is the equivariant cohomology ring of X (see for details 
and applications). The scheme Z of this note gives a more explicit picture, 
but the requirement of a regular iB-action is harder to satisfy. It would 
be nice to be able to relax the regularity assumption to allow X'^ to have 
positive dimension. 
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